~ a7
dt)/;txf:ag’)

oo
a2 (8 ol

L)

g

el dusw
2 Loyle

Fegle 9

il L] 1‘1‘”‘*"'“‘5‘ 3

-~ - '
= .

www.ghorbi.com



file:///D:/Civil%20Engineering/Teaching%20Materials/Courses/Structural%20Analysis/SA2%20Ghorbi/www.ghorbi.com

28 Loypde (el sumw tY ool ol

S5 ¥ s lol

EX =[1 X]

u(x)=a,+a,x — u(x)=[1 x]{zi}

[ —
*L

{ul S U(X)=a +aX 9{ul}:{l XS}{@}:{%}: x_lx{ul}
u, > u(x,) =a, +a,x, u, 1 x| |a a, u,

U(X):Nl(x)u1+N2(X)u2 - U(X):[Nl(x) Nz(x)]{ }

1] tco moonf |

*1 *2

el e o

N=[EX]x[X*] or [X*] x[EXT
_dN
dx

*2

B

K :”A.TBT x Ex Bxdxdydz = EAJL.BT x Bdx
0 0
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1
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1

1

1

1
1
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1
1
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1
1
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1
1
1
1

o e e el
1
1
1
1
}
!
T

[ PP I

1.0

0.6 4~
0.4 4--=----

anfeA uonodung (X)N

0.75 1.00

0.50

[x] Coordinate

LUOO,::\oJLu‘o)é

S e

|

AE
L
AE
m

AE
I
AE

L




28 Loypde (el sumw tY ool ol

sloS ¥ akuo olol!
Q Q (@]
2
EX =[1 x x*]
Ch
u() =a +ax+ax’ - u()=[1 x x’]ia,
| —
EX a,
*l
U, — U(X,) =@, +a,X, +a,X’
u —>u(§+§)— ra,| b2y X 2—>
2 2 1) TATE( TR )RS
U, > U(X,) =a, +a,x, +a,x
1 x x2 ]
ul X X X X 2 al ai ul
Uyp=|1 2+= | 24+ Ixda, =18, =X"xJU,
2 2 2 2
u3 1 Xe XeZ a3 aS u3
_ ' i
_xe(xe+xs) 4x, X, xs(xe+xs)_
(Xe_XS)Z (Xe_XS)2 (Xe_XS)2
. 3, +Xx, A(X X)) x +3x
X7 == 2 2 2
(X, —%)" (%=X (X, —X,)
2 4 2
L (Xe_xs) (Xe_xs)2 (Xe_xs)2 N
ul
U(X)=Nl(X)U1+N2(X)U2+N3(X)U3 - U(X):[Nl(x) Nz(X) Ns(x)] U,
u3
Ch U,
[1 x ¥ ]{a, =[N0 N,(x) Ny()]4u,
EX a, u,
%l *2
ul ul
EX| X7 xqu, ¢ [=[N;(x) N,(x) N;(x)]<u,
u3 u3

N =[EX]x[X*] or [Xx*] x

[ExT
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T T4 S A U Sy S E JRAyr SN SRR N R S SR N SR S S
1
1
1
1

b ke e el e e it ahnd v b ek sl ek i s o

1.0

anfeA uonodunyg (X)

0.6 4

Z 0247

0.0 -

0.50 1.00

-0.75 -050 —-0.25 0.00

—1.00

[x] Coordinate
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S e
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X+ S R
Sl= = _
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1
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VAS —_ XS
+ <7 +
X |~ _ o~ X |~
N | ~ N | —~
w X w w
| X ~—| X | X
jo) o}
el 1 el el
—_ >’ | < —_ >
D | S— N—" 0| S—
> > >
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N— N—

AE

8AE

T7TAE

3L
8AE

3L

16 AE

3L

8AE

3L
7TAE

3L

3L
AE

8AE

3L

3L

3L

NT

= > =
< & R
Al e+
_ —
3 N _
_ <
L 1]
[l
—
m
1
w ~— w
Tl X &
+ 7R T + %3
“XXXSXX
__2_4_
of X 1o 1| X
X |~ 2 o S~
™ X |~ X
| <
]
Il
-
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4 Nodes 1D Lagrange Basis Functions
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1
1
T
1
1
[}
1
1
1
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1
1
1
I
1
1
]
1
1
1
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1
1
1
1
1
1

e e et

ol e L e e b Dl el el
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0.75 1.00

0.50

0.00

—-0.50 —-0.25

—0.75

anfep uonodung (X)N

1
1
1
1
1
1
..... “
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1 1
1 1 I I I
1 1 1 1
< *? he = N < N
— (=) S (=) (= S nw

—1.00

[x] Coordinate
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UJS ‘Q)S LiO O ol ﬁ)s
I (x—xe)(9x2—9xxe—9xxs+2xez+5xexs+2x52)_ - ,
- 3 _Q gi_gi
2(%, =) 2L 1 20
C9(X =% ) (X=X )(2% =3x+X,) 9x(2L -5Lx+3x")
NT _ 2(Xe _X3)3 NT _ 2L3
9(x =X, )(X =X, )(X, —3x+2X, ) X (~L* +4Lx-3x)
2(%, — )’ 21
(X=X, )(9% —9xX, —9XX, +2%.7 +5X, X, +2X.” ) x(2L° ~9Lx+9x°)
3
L Z(Xe _XS)3 i ) 2k -
| 27x° —36xX, —18xx, +11x.” +14X, X, +2x | ] )
2(x,—x,)’ 1117 -36Lx+27x?
21°
9(9x* —10xX, —8XX, +2X,” +6X, X, +X.*
( O TR TORAT ’) 1817 — 90Lx + 81x”
BT — 2(Xe _XS) BT — 218
9(9x2 —8xX, —10XX, + X, +6X, X, + 2x52) 9L° -72Lx+81x*
- 3
2(x, —xs)3 2L
, ) , 21% —18Lx+27x?
27X" —=18xx, —36XX, +2X,” +14X, X, +11X, E
I 2(x,—x.)’ | ) )
[ 37AE _189AE 27AE _13AE |
10L 40L 20L 40L
_189AE  S4AE  297AE  27AE
K = 40L oL 40L 20L
| 27AE 297AE  S4AE  189AE
20L 40L SL 40L
(13AE 27AE  189AE  37AE
4L 20L 0L 10 |
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\SJ — \SJ
Sl e X |~
|72
b + e.m. Xe+
) [e\] <t
> _ < X &
™ ™
\SJ — \SJ
S | o | <
|72
< + e.m. Xe+
o < > | N <
| &
[9V] o
\SJ — \SJ
%M < Y%_OL = _A*
|72
< + e.m. Xe+
o < > | N <
| &
> » <’ <
L < Xnmun/_ .m.
P + .
Xe_ < Xe_ AN ﬂWAu <t
— — — —
Il
X

ral &ilgs JSi
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1
1
-
1
1
1
1
1
1
1

anfeA uondung (X)N

[x] Coordinate
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ORI
[ (x-x. )(—32x3 +48X° X, +48X° X —22xX," —52xX, X, —22XX. +3x’ +13x " x +13x X" + 3X53)_
) 3(x, —x.)'
16(x - x, )(x - %, )(8x" —10xx, —6xx, +3% +4% X, +x})
) 3(x,—x)

4(x—x)(x-x, )(16x2 —16xx, —16xx_+3x.° +10X, X, +3x52)
(Xe - XS )4

16(x — x, )(x =X, )(8x2 —6xX, —10XX_+ X +4X X, +3x52)

3(x, - x.)"
(x—x)(-32%" +48x"x, +48x°x, —22xx,’ —52x% X, —22xx +3x° +13x’x +13% x " +3x)
s (0, _
| 128X + 240X X, +144%"X_ —140xX.* — 200X, X, — 44xX.° + 25X + 65%,°X_ +35% X’ +3x’ |
) 3(x, -x)
16(—32x3 +54%" X, +42X° X —26xX." —56xX X, —14xx" +3x’ +17x X _+11x X’ + xf)
3(x, - x.)"

4(-64x° +96x" x, +96x°x, —38xx,’ ~116xX, X, — 38X +3x° +29x "X, +29x X + 3x53)
4
(x=x)
16(-32x° +42x" x, +54%" x, ~14xx,” —56xX, X, — 26X + X’ +11x’x, +17%,x” +3x’)
3( Xe - XS )4
—128X" +144x" X, + 240X X, — 44xX * —200xX, X _—140xx " +3x’ +35x *x_+65x X’ +25x
i 3(x =% )’




28 Loypde (el sumw tY ool ol

NT

BT

:Lgowoéu‘a)é

[ 3L% - 2501°% + 70L2%x? —80Lx° +32X" |
3L
16x(3L3—13L2x+18Lx2—8x3)
3L
4x(-3L° +191°x—32Lx" +16x° )
L4
16x(L3—7L2x+14Lx2—8x3)
3L
X(-3L°+22L°x - 48Lx" +32x° )
3L ]
[ —2501° +140L%x — 240Lx? +128x° |
3L
4815 + 41612x —864Lx% +512x°
- 3L
_121% +15212x — 384LX? + 256x°
L4
_161°% + 22412% — 67212 + 512x°
- 3L
—31% +441°x —144Lx* +128x°
L 3L J
[ 985AE 6848AE  1016AE  1472AE  347AE |
189L  945L 315L  945L 9451
6848AE  3328AE  4736AE G5888AE  1472AE
451 189L  315L 945  945L
1016AE  4736AE  496AE  4736AE  1016AE
315L  315L 21L 315L 315L
1472AE  5888AE  4736AE 3328AE  6848AE
0451 945L  315L 189L  945L
347AE  1472AE  1016AE  6848AE  985AE
945L 945 315 945 189L |

Yo



28 Loypde (el sumw tY ool ol

(V azy3) gloyS ¥ edin oyl

1
Ariangle :E(X1Y2 XY XY XY XY, _X3Y2)

XY= XY, _X1y3_x3y1 XY, = %W
1 % Y 2A 2A 2A
X=|1 x, vy, | —mverse , ya_| Y27 _Yi—Ys Y=Y,
L ov v 2A 2A 2A
X3 Y XX X — X XX
2A 2A 2A
1 C, C, Cg, 1 C, Cy Cy 1
Xl A C, C, Cy JRALBIOE A C, C, Cyx
Ca Cp Cy Cs Cyp Cy y
N =C11+C21X+C31y
' 2A
N2:C12+C22X+C32y —~ N= N, 0 N, 0 N; O
2A 0 N, 0 N, 0 N,
N =C13+C23X+C33y
: 2A
i
RS
u=N]u1+N2u2+N3u3
VENV NV, + Ny
% aNZ 0 aNs
OX OX OX
¢, 0 C, 0 C, O
0 % 0 aé\lyz 0 % = Bzi 0 C, 0 C, 0 C,
Cau Cu G Cp Cpy Cy
ON, ON;, ON, ON, ON; 0N,
oy oOx oy Ox oy Ox

i\



28 Loypde (el sumw tY ool ol

(V 423) sloS F pbiie GisS)lez oo
(101 1 1]
4 4 4 4
1 -b -h bh 11 1 1
X — 1 b -h -bh INVERSE X_l= 4b 4b 4b 4b TRANSPOSE
1 b h bh 211 1 1
1 -b h —bh 4h 4h  4h 4h
1 1 1 1
| 4bh 4bh  4bh 4bh |
11 11 11 11
4 4b 4h  4bh 4 4b 4h  4bh
i1 1 1 1 1 1t
(X—l)T: 4 4b 4h 4bh XEXPANSION o \|T _ 4 4b 4h 4bh || x
i1 1 1 11 1 1 0y
4 4b 4h 4bh 4 4b 4h 4bh || xy
i1 1 1 i1 1 1
4 4b  4h 4bh | |4 4b  4h 4bh |
_(b=x)(h-y)]|
' 4bh
:(b+x)(h—y)
2 4bh N, O NN 0 N, 0O N, O
= N-=
_(b+x)(h+y) 0N O N, 0 N, O N,
" 4bh
=(h+y)(b—x)
e 4bh

\Y



8 Laypde (el s 1Y aojlw Jod=a

1 -1
1 1
X =
1 1
1 -1
1
4
1
(x2) | ¢
1
4
1
4

1

4

-1 1 1

-1 -1 s a1 4

1 1 A

1 -1 4

1

4
1 1 1]
4 4 4
1 1 1

4 4 4| L expansion
1 1 1
4 4 4
1 1 1
4 4 4

(1 4253) slosS ¥ il 355z olol
1 1 1]
4 4 4
11 1
4 4 4 TRANSPOSE
1 1 1
4 4 4
1 1 1
4 4 4
1 1 1 1]
4 4 4 4
1 1 1 1|1
NT=Z 4 4 4
1 1 1 11s
4 4 4 4 lrs
1 1 1 1
4 4 4 4]
0.5

y

_'| 71

v
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